The fractional quantum Hall effect (FQHE) provides some indication of the vast range of novel phenomena which can arise in a topologically ordered state in the presence of strong interactions. The possibility of realizing FQH-like phases in lattice models has attracted intense interest recently, both as a more experimentally accessible venue for FQH phenomena as well as a generalization of FQH physics which has been largely unexplored theoretically. For both of these purposes, we investigate the physical relevance of geometric conditions previously derived by one of us as quantifying deviations from the Landau level physics of the FQHE. We conduct extensive numerical many-body simulations on a variety of lattice models and find remarkable correlation between these criteria and the many-body gap. This leads us to propose a "geometric stability hypothesis," namely that these single-particle criteria usefully quantify destabilizing effects on many-body FQH-like phases.
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I. INTRODUCTION
The fractional quantum Hall effect (FQHE) provides a spectacular manifestation of the breakdown of the spinstatistics relation in two dimensions: one obtains quantum number fractionalization [1] [2] [3] [4] and, potentially, nonAbelian statistics 5 which can form the substrate for topologically robust quantum computing. 6 Progress has been hampered by the considerable experimental difficulties involved in realizing the FQHE in the usual setting of a semiconductor heterostructure, but a flurry of interest in the field was set off by the recent insight [7] [8] [9] that these exotic phases of matter may also arise in topologically nontrivial insulators with partially filled flat bands, or "fractional Chern insulators" 10 (FCIs). The attractiveness of FCIs stems from the fact that the bandgap ∆ may be set without the use of a large external magnetic field, the strength of which is one of the limiting factors in the semiconductor FQHE. There are currently a range of experimental proposals for realizing FCIs in cold atom systems, [11] [12] [13] [14] transition metal oxides 15, 16 and elsewhere; as we were finishing this article a preprint describing a successful implementation in cold atoms appeared on the arXiv. 17 Moreover, FCIs raise theoretical questions independent of their experimental interest. The majority of theoretical work on the FQHE over its thirty-year history has focused on the influence of interactions on the Landau level Hamiltonian, which occupies a unique, highly symmetric point in the space of single-particle Hamiltonians. FCI phenomena constitute a non-trivial and poorlyunderstood generalization of the FQHE in which lattice effects are non-negligible; the FQHE is not the continuum limit of a generic FCI and examples of lattice effects without any continuum analog have already been noted. 18, 19 A generalization of our theoretical understanding of the FQHE to cover the case of FCIs is hence both nontrivial and experimentally relevant.
The present paper constitutes a step in the development of a unified theoretical treatment of FQH-FCI phenomena. In previous work, one of us 20 identified sufficient criteria for a correspondence between FCI and FQH physics. Here, we demonstrate that measures based on these criteria are robustly correlated with the many-body gap in realizations of the same FQH-type phase in three different FCI lattice models, using numerical simulations at thousands of different parameter values. The remarkably high degree of correlation we observe leads us to propose a "geometric stability hypothesis": that these single-particle criteria are accurate qualitative estimators of the stability of an FQH-like state. This frames the problem of extending existing theoretical results on the FQHE to cover FCI physics by distilling the effects of the lattice into a small number of quantities which measure the relevant deviations of a band Hamiltonian from lowest Landau level behavior. Our results are also of use in the design of FCI experiments, as they provide a computationally inexpensive means to estimate which single-particle parameters are most likely to yield a robust FQH-like FCI state (one with the largest gap to excitations); a naive analysis of the scales involved suggests this may be on the order of room temperature.
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From the opposite point of view, our results also indicate which parameters should be searched in order to investigate FCI states which do not correspond to continuum FQH universality classes.
A. Chern insulators
The first ingredient in engineering a fractional Chern insulator is the presence of a flat, topologically non-trivial band. Let |R, b be the tight-binding orbital localized at arXiv:1408.0843v1 [cond-mat.str-el] 5 Aug 2014 R + d b ; the Fourier transform of the bth basis orbital is
where k is a crystal momentum restricted to the first Brillouin zone (BZ) and N c is the number of unit cells in the system, which are indexed by lattice vectors R.
Eigenstates of the Hamiltonian are the Bloch functions
α ∈ 1, . . . , N indexes the bands. We let c † b,k and γ α † k be the creation operators for particles in |k, b and |k, α , respectively. In this notation, matrix entries of the N ×N band Hamiltonian are
with band energies E α (k). In general, for N > 1, neither
will have the periodicity of the reciprocal lattice. Because this is a subtle issue which has led to some confusion in previous literature, we provide a careful discussion in Appendix A.
Nontrivial topological order in a band α is indicated by a nonvanishing value of the (first) Chern number
where A BZ is the momentum-space Brillouin zone area, · · · denotes the average over the BZ, normalized so 1 = 1, and the Berry curvature 21, 22 of the band α is
B. Algebras of density operators
The central paradox of the FQHE is that a system of particles in a partially filled Landau level has extensively many unoccupied single-particle states at the same energy yet becomes gapped once interactions are turned on. Girvin, MacDonald and Platzman 23 (GMP) explained this stability in terms of a single-mode approximation: the ansatz that the most relevant low-energy excitation of an FQH ground state |Ψ is a magnetoroton, a neutral density wave ρ k |Ψ , where ρ k is an electron density operator projected to the lowest Landau level. As a consequence of projection, these operators no longer commute but, crucially, the set of such operators as a whole remains closed under commutation:
The implications for stability are two-fold: the closure of the algebra of the operators generating the spectrum of magnetoroton excitations sharply truncates the phase space of possible excitations; secondly, one can either prove (as GMP did for a Laughlin 1 -type ground state) or assume (as has been necessary for more elaborate ground-state wavefunctions) that the magnetoroton excitation is gapped for all k.
The effective Hamiltonian describing an FQH state at energy scales below inter-LL excitations will also depend only on the ρ k s, in the form of the inter-particle Coulomb repulsion (as well as possible electrostatic disorder.) This led Roy and others 20, 24, 25 ) to investigate correspondences between the Landau level and Chern band problems at the operator level: if there are conditions under which the Chern band-projected density operators
(where P α = k |k, α k, α| projects onto the αth band) can be made to obey an algebra of the GMP form (6), the low energy physics of the partially filled band should be that of the FQHE.
C. Role of band geometry
Ref. 20 identified a sufficient set of such conditions by considering the long-wavelength expansion of the commutator [ ρ q , ρ k ]. Quantities describing the geometry of the band (its embedding in Hilbert space) enter into the problem in a natural way as coefficients of terms which must necessarily vanish if the projected density operators are to form a closed algebra; remarkably, only three conditions are necessary for the set { ρ k } to satisfy a modified form of the GMP algebra exactly (to all orders in k). The three criteria are that i) At O(k 2 ), the Berry curvature (5) should be constant over the BZ. We compute root-mean-square (RMS) fluctuations of the Berry curvature as
i.e. normalized in the same way as the Chern number, so that (8) is dimensionless as well as insensitive to the characteristic scales over which deviations from the mean curvature occur. ii) At O(k 3 ) we need the additional constraint that the pull-back of the Fubini-Study metric on Hilbert space 26 is constant over the Brillouin zone. This quantity, referred to as the "quantum metric" below, is given by
The corresponding tensor generalization of RMS fluctuation is
iii) The final constraint on the band geometry is that
It was shown in Ref. 20 that the left-hand side of (11) is always nonnegative; the condition that it vanishes is equivalent to the condition that g α and
are the real and imaginary components of a Kähler metric
i.e., the metric determinant inequality D(k) ≥ 0 measures deviations from lowest Landau level physics, specifically, unlike the first two conditions. If conditions i), ii) and iii) are met, the commutator of two band-projected density operators takes the modified GMP form (12) in which the band-geometric quantities B α , g α enter in an essential way.
A stronger condition on the algebra of density operators can be obtained by considering the trace of the quantum metric instead. In Ref. 20 it was additionally shown that
in Appendix B we show that if this inequality is saturated, the quantum metric is isotropic and D(k) must vanish. Hence the condition T (k) = 0 is equivalent to requiring that the algebra of band projected density operators be identical to the GMP algebra, rather than isomorphic to it (as in (12)).
II. COMPUTATIONAL METHODS

A. Parameter space sampling
We study the dependence of the many-body gap on band-geometric quantities in the Haldane model 27 and models proposed for the Kagomé 7 and ruby 28 lattices. The parameter space for the Haldane model Hamiltonian is small enough that the set of parameters t ∆ which maximize the gap may be found from exhaustive sampling. The parameter spaces for the other two models are higher-dimensional and non-compact, so this strategy will not work.
According to the geometric stability hypothesis, the Berry curvature fluctuations σ c should be inversely correlated with the gap, meaning that it may be employed as a proxy for the latter which requires far less effort to compute. In Appendix D we derive an expression for the derivative of σ c with respect to any parameter appearing in the single-particle Hamiltonian, allowing steepestdescent methods to be employed. Of course, we do not expect the parameters t 0 minimizing σ c to coincide with those maximizing the gap, but if the single mode approximation is applicable, t 0 will be a viable initial guess for t ∆ , to be refined as described below. Indeed, a state with a robust topological gap in the presence of large curvature fluctuations would be of immediate interest as an FCI phase not describable in terms of an FQH universality class.
In the neighborhood of t 0 , a surface in parameter space of constant σ c will be approximated by an ellipsoid given by the Hessian of σ c ( t) at t 0 , which may be calculated by the method in Appendix D. We use the Gaussian procedure for uniformly sampling points from the surface of an ellipsoid and then shift these parameters radially along the ray connecting them with t 0 until they match a target value of σ c . These isosurfaces or "shells" of different parameters with the same fixed value σ c permit us to study the subleading effects of the quantum metric on the gap predicted by the geometric stability hypothesis.
Finally, we locate the parameters giving the maximum gap by fitting a quadratic form
to the gaps from the "shell" data and sampling new parameters from a Gaussian distribution centered on t * with covariance matrix Σ. We have verified that deviations of the actual t ∆ found from this data from the fitted value t * are negligible compared to the scales set by Σ, hence this search does not need to be iterated further. Parameters chosen from this Gaussian distribution are colored blue in the figures (Figs. 5 (a), 6 (a) and (f); 8 (a), 9 (a) and (f), etc.) while those chosen with a fixed value of σ c are colored red.
B. Numerical exact diagonalization
Unless otherwise noted, all many-body simulations were done for N = 8 bosons at a filling of ν = 1/2 on a periodic lattice of 4 × 4 unit cells, interacting with a twobody on-site repulsion only. Flattening the spectrum of the single-particle Hamiltonian removes the only other energy scale from the problem, so the strength of this repulsion sets the units of the many-body gap ∆.
Because we do many-body simulations for literally thousands of parameter values, a detailed finite-size scaling analysis of each is beyond the scope of this paper. We have, however, verified the finite size scaling for select parameter values, using systems at half filling with N = 8, N = 10 and N = 12 particles; some of this data is reproduced in Appendix E. From this analysis, we have conclude that the result for the gap at N = 8 provides a good proxy to its full finite size-scaled value.
For the N = 8 data presented in the main part of this paper, we verify that all quasi-degenerate ground states are in the correct momentum sectors, and we require that the gap to the lowest-energy excited state (out of all momentum sectors) be at least as large as the spread in ground state energies. We ascertain whether a quasi-degenerate ground state has Laughlin-like order through properties of its entanglement spectrum:
29 we verify i) that the spectrum of the reduced density matrix obtained by tracing out 4 bosons has a gap, and ii) that the counting of eigenvalues below this gap in each momentum sector obeys the (1,2) counting rule appropriate to the ν = 1/2 bosonic Laughlin state.
10,30 A model which fails any of the above tests is assigned a gap of 0 and excluded from subsequent analysis.
It is not a priori clear how relevant the proof of Ref. 20 is for FCI physics, since the lattice models studied as examples of FCI phenomena usually have nonuniform curvature. The purpose of the present work is to investigate the degree to which these criteria are satisfied in several FCI models known to exhibit FQH-like phases. [31] [32] [33] We eliminate potential confounding effects by energetically flattening the bands of each lattice model: this is equivalent to "smearing" nearest neighbor (NN) hopping terms out over an exponentially-localized area in a well-defined way.
Differences between Chern bands and Landau levels also enter in the form of the interaction term. Unlike the energetic considerations, this dependence is still poorly understood, so we have limited the scope of the present paper to on-site repulsive interactions only (which necessitates bosonic statistics), since this is the lattice interaction which most closely matches the isotropy present in the continuum.
III. RESULTS
A. Haldane model
The first Chern insulator was introduced by Haldane, 27 who considered a tight-binding model on the honeycomb lattice with nearest-and next-nearest-neighbor hop pings, the latter being weighted by an additional Peierls phase due to a non-uniform threading of flux through a hexagon. With the Pauli sigma matrices acting on the band index, the single-particle momentum space Hamil- tonian for the Haldane model is
with k i ≡ k · a i , the index i = 1, 2, 3 interpreted cyclically mod 3, and a 3 ≡ −a 1 − a 2 . The lower band has a nonzero Chern number when |M/t 2 | ≤ 3 √ 3| sin φ|. This model has been extensively studied numerically, and the addition of short-ranged repulsive interactions has been shown to yield both the bosonic 31,32 and fermionic 33 Laughlin states at appropriate filling fractions. For purposes of comparison with Refs. 33 and 34, we consider the model at t 1 = t 2 = 1. The energy spectrum has band crossings for these parameters, meaning that the bands cannot be flattened by local operators and the model analyzed in those references is not adiabatically connected to (15) . In practice, however, one is most interested in the M = 0 subspace; the Hamiltonian then depends only on the combination t 2 sin φ/t 1 , and an increase in t 2 /t 1 which removes the crossing may then be compensated by a shift in φ which leaves the Hamiltonian (15) unchanged up to a scale. The (φ,M ) parameter space is feasible to sample exhaustively (Fig. 3) . The largest gaps and most uniform band geometry both occur for M = 0. We find that the values of φ giving the Laughlin state with the largest gap are approximately coincident with those minimizing the fluctuations in B and g: The largest gaps for bosons and fermions are at (φ, ∆) = (0.35374, 0.17243) and (0.13098, 0.02554), respectively, while the minimum curvature fluctuation is at (φ, σ c ) = (0.22480, 0.99326) and the minimum metric fluctuation is at (φ, σ g ) = (0.25629, 2.81258). The band geometry thus "splits the difference" between bosonic and fermionic states: the projected density operators in the GMP algebra are bilinears, so the band geometry argument doesn't distinguish the statistics of the underlying particles.
We prove in Appendix C that the remaining bandgeometric criterion, the determinant condition (11), is necessarily satisfied for any two-band model. The more stringent condition (13) on the trace of the metric remains nontrivial, but for the Haldane model is highly correlated with the curvature and metric fluctuations (Fig. 3 (c) ) and does not yield new information. A Chern insulator defined on the Kagomé lattice was introduced by Tang, Mei and Wen.
7 This model is attractive for our purposes since it has three bands, allowing the possibility of nontrivial dependence on the determinant condition, while remaining structurally similar to the Haldane model. Defining a complex hopping matrix element for the relative embedding of the sublattices in the unit cell as
where e b,c is the unit matrix whose (b, c)th entry is equal to 1, the momentum space Hamiltonian for the Kagomé lattice model is
where a 3 = −a 1 − a 2 and the index j is interpreted cyclically mod 3. The offsets d b are as depicted by the numbered sites in Fig. 4 (a) . We studied the c 1 = −1 phase containing the NN-only point t 1 = λ 1 ; t 2 = λ 2 = 0. Parameter values within this phase which minimize the Berry curvature fluctuation and maximize the gap are given in Appendix F; see Sec. II for the procedure by which they were obtained. The min σ c point is quite close to the max ∆ point in parameter space; in terms of band geometry, we see the latter point trades reduced metric fluctuations and T for increased curvature fluctuations and a greatly increased average D , relative to the parameters minimizing σ c . The correlation between σ c and the gap is remarkably robust: Fig. 5 (a) shows that the roughly linear relationship between ∆ and σ c continues up to the gap closure at the edge of the FCI phase boundary. There is a large degree of scatter in this relation, even for σ c close to the minimum, but other band-geometric quantities explain part of this variance.
Fluctuations in the quantum metric (10) Because the Kagomé lattice model has N > 2 bands, it allows for the possibility of a non-zero value for the determinant inequality (11), the third and final condition on the band geometry. Its behavior is shown in Fig. 6 , along with that of stronger trace inequality condition (13) . Remarkably, the latter exhibits a stronger correlation with the gap, repeating the pattern observed with σ g . Hu, Kargarian and Fiete 28 described a Chern insulator model on the ruby lattice (Fig. 7) . In the limit of total spin polarization, they showed that hopping parameters could be chosen such that the lowest band had c 1 = 1 and a bandgap to bandwidth ratio of ∼ 70.
C. Ruby lattice model
The band Hamiltonian for the ruby lattice model is
where a 3 = −a 1 − a 2 and the matrix element h b,c (k) was defined in (16) . Here the index on a is interpreted cyclically mod 3, and the indices on h b,c (k) are interpreted cyclically mod 6. The offsets d b are as depicted by the numbered sites in Fig. 7 (a) . We considered the c 1 = 1 phase containing the flat-band point 28 t = 1.0 + 1.2i,
Parameter values within this phase which minimize the Berry curvature fluctuation and maximize the gap are given in Appendix F; see Sec. II for the procedure by which they were obtained. Remarkably, the complexity of this Hamiltonian works in our favor: it's possible to find parameter values which greatly reduce the fluctuations in band geometry relative to the Kagomé lattice model, as can be seen from comparison of Figs. 4 (b) and 7 (b) (note the difference in scales for curvature fluctuations). This in turn implies that the ruby lattice model provides a much closer approximation to LLL physics.
Qualitatively, we obtain a similar dependence of the gap on band-geometric quantities: the chief differences relative to the Kagomé model is that correlations are stronger. The gap falls off more rapidly as curvature fluctuations increase (Fig. 8 (a) ) and the relation between the gap and σ g has less scatter (Figs. 8 (c)-(f) ). (13) for the same sets of models.
IV. DISCUSSION
In this paper we have presented numerical results confirming the robustness of bosonic Laughlin phases in FCI systems with realistic, short-ranged Hamiltonians and band geometry which is less than perfectly uniform. We presented evidence that the band-geometric quantities identified in Ref. 20 remain strongly correlated with the gap even when the conditions for the Chern bandprojected operators to are not met exactly. This leads us to propose a geometric stability hypothesis for FQH-type phenomena in FCIs: in spite of the fact that the modified GMP algebra (12) is not being perfectly reproduced, we conjecture that an approximate version of the singlemode approximation correctly describes the low-energy physics of these FCI models. As a practical corollary, we predict that single-particle Hamiltonians exhibiting more uniform band geometry -specifically, as measured by the hierarchy of three criteria -will produce more stable FQH-like states.
The validity of the single-mode approximation in FCIs has been investigated by a number of other authors using approaches complementary to that taken here. 20, 24, 34, 35 Within the context of their Hamiltonian approach to the FQHE, Murthy and Shankar showed that composite fermion degrees of freedom could be chosen which reproduce an exact version of the GMP algebra. 36 More directly, in Ref. 37 , the lowest-lying neutral excitation of the Kagomé and ruby lattice models was found to be well described by the magnetoroton mode of the corresponding FQH state on a torus, using a phenomenological mapping between the FQH and FCI Hilbert spaces described in Ref. 30 .
Comparing the results from the Kagomé and ruby lattice models, it appears easier to engineer uniform geometry in more "complicated" Hamiltonians, both in the sense of possessing more parameters from NNN-and further hoppings and in the sense of having more bands. The latter property is expected to hold on general grounds, as noted in Refs. 12 and 38. Larger unit cells have the disadvantage of reducing the effectiveness of a fixed-strength repulsion at keeping particles away from each other, so an optimal choice would balance these two factors. This has immediate relevance to experimental design: laboratory Hamiltonians are necessarily more complicated than those in idealized theoretical models (e.g., the proposal in Ref. 14 involves an eight-dimensional parameterization of the applied electric field used to obtain a synthetic gauge potential.) Performing many-body simulations on a representative set of parameters in such a large space is prohibitively time-consuming; the geometric stability hypothesis can be used to reduce this to a manageable subspace. In addition, the band geometry is, by construction, independent of energetic considerations such as the band gap or band width.
A pressing direction for future work is to further develop the band geometry hypothesis by investigating its validity in less straightforward scenarios: stable FCI states where the Berry curvature is not particularly uniform have also been proposed; furthermore, the stability of the state may also depend on the filling fraction and the particular state sought to be stabilized. 39, 40 Among other aspects which would be interesting to clarify are the role of bosonic versus fermionic particle statistics, NNand longer-ranged interparticle interactions, anisotropic interactions induced by the lattice structure, etc. In particular, the distribution of geometric quantities differs from band to band; this can be selected by fully filling a number of bands in a fermionic system, which could lead to new phenomena. One could also consider the wide range of more elaborate FCI models in the literature, possessing, e.g., Chern numbers |c 1 | > 1, non-Abelian Berry curvature arising from multiple filled degenerate bands, etc. We direct the reader to the recent reviews 25, 41 for a more extensive discussion and bibliography. In this Note we review issues arising in the definition of Berry curvature for Bloch bands which are absent from the general formalism of geometric phases. The issues identified here are not new; 42, 43 we discuss them here in order to demonstrate that the values the Berry curvature and quantum metric take at a specific crystal momentum k are unambiguously defined and, in principle, measurable.
The Berry curvature (5) arises in physical applications at the as the commutator of band-projected position operators; as examples, we cite the semiclassical approximation to the orbital magnetization 44 which contributes to anomalous thermoelectric transport, and the intrinsic contribution to the anomalous Hall conductance
For other applications see the recent review (Ref. 46 ). We mention these observables here because they depend on the Berry curvature through forms other than its BZ average (the Chern number), meaning that the distribution of curvature within the BZ is an experimentally meaningful quantity. There is also a recent experimental proposal to measure the Berry curvature directly.
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Textbook discussions of Berry's phase are usually framed in the context of adiabatic evolution of a quantum state tracing out a closed cycle in some parameter manifold. In Chern insulator applications, the parameter manifold is the Brillouin zone, and the instantaneous eigenfunctions at a parameter k are the spatially periodic part of the Bloch functions u
, which has curvature given by (5) . The first Chern number is defined as the surface integral of the Berry curvature
and is topologically quantized to integer values due to the fact that the Brillouin zone is a compact manifold (a torus). Eigenstates of the band Hamiltonians
are only defined up to an overall phase
where φ α (k) is any smooth function satisfying φ α (k + G) = φ α (k). This is the gauge symmetry of the band Hamiltonian, and it is the only such symmetry in the absence of energy degeneracies (assumed for simplicity throughout this section). As with the U (1) gauge symmetry of electromagnetism, gauge transformations of the form (A4) alter the Berry connection but leave the Berry curvature (analogue of the magnetic field) and quantum metric unchanged, as can be seen from their explicitly gauge-invariant forms (D5), (D6). The reader will note that the band Hamiltonians used in this article do not have the periodicity of the reciprocal lattice; nor do their eigenfunctions |u α k , and so neither can immediately be viewed as functions on the BZ torus defined by identifying the points k and k + G for any reciprocal lattice vector G. We first explain that the formalism of band geometry is unchanged in this situation, and then argue that this choice of basis is the canonically correct one, in the sense of corresponding to the observable quantities mentioned above.
Because the full Hamiltonian is periodic in real space, Bloch's theorem implies
is unchanged under d b → d b + R; in other words, there exists a unitary matrix U G = e iG· r such that
for all k, α. Because U G is independent of k, it drops out of the expressions for the Berry curvature and quantum metric, which are therefore periodic in k.
One could also obtain manifestly periodic Bloch functions by performing momentum-dependent phase shifts
, with different offsets r b for each sublattice b, so that the transformed Bloch functions are invariant under k → k+G: the transformed curvature and metric are then periodic as well. The resulting Hamiltonian is, of course, gauge-inequivalent to the original one, which can be seen from the fact that the curvature itself changes: under transformations
for b = 1, . . . , N , the Berry curvature at k changes by
(A8) Because this is a sum of total derivatives, the surface integrals of B α (k) and B α (k) yield the same Chern number. The difference itself, however, only vanishes when r b is the same for all b, which is the gauge transformation (A4).
Phase shifts of the form (A7) were employed in recent publications 33, 48 to obtain band Hamiltonians that were periodic in k. This was described as a "gauge transformation" in these references, but as we've noted, the only gauge symmetry of the Hamiltonian is with respect to bands (i.e. U (1) rotations in the eigenbasis γ
For the transformations made in Ref. 33 , the difference in curvature fluctuations is substantial (Fig. 10) , which affects the conclusions one may draw from that data: as an example, in Fig. 11 we reproduce the results shown in Fig. 26 from Ref. 33 , along with the fluctuations in the canonically defined curvature for the same system. The latter are lower than in the transformed Hamiltonian used in that reference, meaning that the negative correlation between σ c and the gap is stronger than depicted there.
For completeness, we note that unlike these singleparticle properties, the many-body gap is invariant under the generalised phase shift (A7), because single-particle density operators ρ k are left unchanged by the transformation.
We have shown that band geometry may be defined for non-periodic band Hamiltonians; we now argue that the non-periodic basis used in this paper is in fact the one measured by any (direct or indirect) experimental probe, and hence is the only one which should be regarded as physical. The feature possessed by Bloch bands which is absent from the general theory of Berry phases is the fact that the parameter space in question is defined via the Fourier transform of the the kinematic setting of the physical system. Because this is a global transform, in doing the Fourier sum (1) we have already implicitly chosen a basis for the band Hilbert space at each k. For example, the the transformations made in Refs. 33 and 48 correspond to defining modified tight-binding states on the reciprocal lattice via where χ b (r − (R + d b )) = r|Rb ; this is manifestly invariant under k → k + G, but in doing so the position operator is no longer consistently defined for orbitals with different offsets d b : the transformation is equivalent to shifting the orbitals of the crystal basis to the origins of various lattice cells. As an obviously apparent consequence, the crystal symmetry of the transformed Berry curvatures in the second row of Fig. 10 are unphysically broken. Because experiments probe position-space quantities, we conclude that the basis defined by (1) and used in this paper is the canonical, physically relevant choice.
The Berry curvature (5) and quantum metric (9) are defined in terms of the derivatives of a wavefunction over some parameter manifold. For both numerical and theoretical purposes, it becomes convenient to recast these expressions in terms of derivatives of the Hamiltonian itself, rather than its eigenfunctions, since ordinarily only the former is known analytically. This, of course, is not a new observation.
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In order to avoid overall phase ambiguities and the necessity of using multiple charts to cover the BZ in topologically non-trivial situations, it's preferable to work with the occupied band projector P α = |k, α k, α|, instead of the eigenfunction |k, α itself. In these terms, the Feynman-Hellman theorems are
where the projected resolvent operator R α is
Equations (D1) and (D2) hold for any parameter λ upon which the Hamiltonian smoothly depends, and they are valid for arbitrary values of λ and hence may be further differentiated. Assuming no additional degeneracies, (E α − H) may be inverted in the subspace orthogonal to |k, α , and
The relations (D1), (D2) and (D4) then form a closed system and may be iterated to any order to develop the Taylor expansion of band-geometric quantities. For example, the Berry curvature and quantum metric for a single occupied Chern band are 49, 50, 51 
The derivative of the Berry curvature with respect to a coupling λ follows from a straightforward computation as
Other quantities such as the Hessian ∂ λ ∂ λ B α may be calculated in a similar manner, although the algebra rapidly becomes tedious. These may, in turn, be used to find the variation in Brillouin zone-averaged quantities with respect to couplings in the Hamiltionian; for example, denoting by · · · the Brillouin zone average,
and so ∂ λ σ c = (A BZ /2π)
Here we've made use of the fact that ∂ λ B = 0 while we remain in the same topological phase, which can easily be checked during numerical computations. Using (D7) in (D10) then permits us to rapidly perform a steepest-descent minimization of Berry curvature fluctuations, even in a high-dimensional parameter space.
Appendix E: Finite-size scaling of numerical data
The many-body gap data presented in the main text were obtained for systems of N = 8 particles, which represents a compromise between the need to accurately estimate the gap in thermodynamic limit and the need to exhaustively sample the parameter space of single-particle Hamiltonians which was dictated by the computational resources available to us. We have verified the accuracy of this data by performing simulations with different values of N for some restricted parameter values. Representative data for the Kagomé lattice model is shown in Fig. 12 ; we expect this behavior to be typical. Note that the convergence with N appears to be more rapid for larger gap sizes; this implies the robustness of the analyses done in the main text, which focus on a neighborhood of the region of maximum gap.
Appendix F: Single-particle data Parameter values minimizing the Berry curvature fluctuations σ c were obtained using a steepest-descent procedure described in Appendix D. Parameter values which maximize the many-body gap ∆ were found empirically by the sampling procedure given in Sec. II. 
